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We study the Ne´el to four-fold columnar valence bond solid quantum phase transition in a sign
free S = 1 square lattice model. From quantum Monte Carlo simulations, we find evidence for a
new kind of direct transition between these ordered phases. Even though both competing order
parameters are finite at the transition, it does not fit into the standard first order picture with
its concomitant hysteresis and double peaked histograms. Instead the transition features diverging
length scales and an emergent O(5) rotational symmetry between Ne´el and VBS order parameters.
We argue that this striking behavior results crucially from a topological term that must be included
in a field theoretic description of this system and is hence beyond a Landau order parameter analysis.
The study of the destruction of Ne´el order in S = 1/2
magnets is a major field of theoretical condensed mat-
ter research inspired originally by the parent compounds
of cuprate high temperature superconductors. Various
theoretical arguments and extensive unbiased numerical
calculations support the existence of a four fold degener-
ate columnar valence bond solid (VBS) phase on the de-
struction of Ne´el order, separated by the novel deconfined
critical point [1–6]. Inspired by the iron pnictide super-
conductors, a number of studies of the destruction of Ne´el
order in S = 1 square lattice systems have appeared [7–
9], building on previous studies of the phase diagram of
square lattice S = 1 systems, (see [10–14] and references
therein). It is thus interesting to extend the success of
unbiased quantum Monte Carlo (QMC) studies of the
destruction of Ne´el order in square lattice S = 1/2 sys-
tems [15] to the S = 1 case, which we initiate here for the
first time (phase transitions in coupled S = 1 chains were
considered previously in [13]). Since the subtle quantum
effects that arise from topological terms depend crucially
the microscopic value of the spin [16], one can expect
striking differences between S = 1/2 and S = 1 even for
phase transitions that appear identical with respect to
the Landau-Ginzburg-Wilson criteria of dimensionality,
symmetry and order parameters.
In this work we present unbiased numerical simula-
tions of the Ne´el to four-fold columnar VBS transition
in a S = 1 square lattice model – the analogue for
S = 1/2 magnets is the well known deconfined criti-
cal point at which both order parameters simultaneously
vanish [2]. In contrast, for the S = 1 system studied here
we present extensive numerical evidence for a new kind
of phase transition at which both order parameters are
finite. Nonetheless, the transition does not fit into the
conventional first order picture in which two minima in
the free energy cross, giving rise to hysteresis. Instead
the transition has diverging length scales and an emer-
gent symmetry between the Ne´el and VBS vectors. We
emphasize here that the symmetry is emergent at the
transition and is absent in the microscopic model. The
symmetry allows the system to rotate from Ne´el to VBS
without encountering the free energy barriers that give
rise to the characteristic hysteric behavior in a conven-
tional first order transition. We argue that the unconven-
tional phenomena cannot be explained by a naive LGW
theory and trace this failure to the presence of a topo-
logical Wess-Zumino-Witten (WZW) term that captures
the “intertwinement” of the order parameters and will
appear in a field theory properly derived starting from
S = 1 spins.
Designer Model & Simulations: Our goal is to design a
S = 1 sign free model in which the Ne´el-VBS transition
can be studied using Monte-Carlo simulations. We start
with the square lattice S = 1 Heisenberg model,
HJ = J
∑
〈ij〉
~Si · ~Sj (1)
This model is well known to be Ne´el ordered. Because
we are working with S = 1, it is possible to square the
bilinear operator and obtain an independent “biquadratic
operator,”
(
~Si · ~Sj
)2
, also amenable to QMC [17, 18].
Using this term we can construct a Sandvik-like four spin
interaction [4],
HQK = −QK
∑
ijkl∈
((
~Si · ~Sj
)2
− 1
)((
~Sk · ~Sl
)2
− 1
)
(2)
We note that HQK has a higher staggered SU(3) symme-
try because it is constructed from the biquadratic interac-
tion, of which the physical SU(2) is a subgroup. However
the model we study here HJQK = HJ + HQK has only
the generic SU(2) symmetry obtained by rotating the ~S
vector in the usual way. Previous numerical studied have
established that HQK on the square lattice has four-fold
columnar VBS order [19–21]. Thus the single tuning pa-
rameter in HJQK gives us unbiased numerical access to
the Ne´el-VBS transition in a S = 1 system, as desired.
Since our model is constructed to be Marshall sign
positive, it can be simulated without a sign problem
using the stochastic series expansion method [22]. To
update the Monte Carlo configurations, we use an effi-
cient directed loop algorithm [23]. Our simulations are
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2FIG. 1. Ne´el and VBS order parameters ratios, RN and RV
close to the quantum phase transition showing clear evidence
for a direct transition. (inset) shows the value of gc obtained
by analyzing crossings of L and 2L values for both ratios.
solid lines are a fit to the data giving gc = 0.588(2).
carried out an L × L square lattices at an inverse tem-
perature β – all the data presented here with β = L/4
has been checked to be in the T = 0 limit [24]. We
work in units in which J = 1, and define the tuning pa-
rameter g ≡ QK/J to access the phase transition. We
study the Fourier transform of the Ne´el and VBS cor-
relation functions, SNk =
1
L2
∑
r e
ik·r〈Sz(r)Sz(0)〉 and
SVk =
1
L2
∑
r e
ik·r〈S(r) · S(r + xˆ)S(0) · S(0 + xˆ)〉. We
define the order parameters as O2N = SN(pi,pi) and O2V =
SV(pi,0). For each of the order parameters we define ratios
R = 1 − SK+2piL ySK (with K the ordering momentum); R
goes to 1 in a phase with long range order and 0 in a
disordered phase.
Fig. 1 shows the ratios R for the Ne´el and VBS order
parameters as a function of g for different L. The data
(see inset for finite size scaling) provides strong evidence
that the Ne´el-VBS transition is direct – we can safely rule
out co-existence or an intermediate phase. The cross-
ing of the ratio at a finite value indicates a diverging
length scale. However, the possibility of a direct contin-
uous transition is contradicted by a study of the order
parameters themselves, shown in Fig. 2. In this finite
size scaling plot of both order parameters, we have clear
evidence that at the transition both order parameters are
finite. This is in direct contradiction with the expecta-
tion of a continuous deconfined critical point for S = 1/2
systems where they must both vanish. A guess then is
that this could be a regular first order transition at which
there is a free energy crossing of two independent minima
(one for Ne´el and the other for VBS) at the transition.
This scenario leads to the well known hysteric behavior
and double peaked histograms in MC studies. We note
that the finite values the order parameter extrapolate to
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FIG. 2. Finite size scaling of the order parameters O2N and
O2V close to the phase transition. The extrapolation to a finite
value for both Ne´el and VBS order parameters at a common
coupling g = 0.59 establish that both order parameters are
finite at the transition.
are not small and hence this may not be thought of at
all as a “weak” first order transition. In our case, as we
show below a study of the histograms of the order param-
eters close to the transition do not show any evidence for
double peaked or hysteric behavior.
We present evidence that the reason Ne´el and VBS or-
der parameters are able to both be finite and still tunnel
among each other without hysteresis is because of an en-
larged O(5) symmetry joining three components of the
Ne´el and two components of VBS at the phase transi-
tion. This symmetry is emergent (not enforced micro-
scopically) since the VBS and Ne´el order parameters are
expressed entirely differently in the S = 1 spins. We now
turn to a test of this symmetry in our S = 1 model sys-
tem. We are able to measure only one component of the
Ne´elNz but both components Vx and Vy of the VBS order
parameter for each configuration. These measurements
suffice since Nx and Ny are microscopically symmetric
with Nz because of the global SU(2) of HJQK . To pro-
ceed we define a vector ~Ψ = (aVx, aVy, bNz) with a and b
non-universal scale factors that we choose appropriately.
If the 5-component vector Φˆ = (Vx, Vy, Nx, Ny, Nz) has
O(5) symmetry it is clear that the 3-component ~Ψ vector
must have O(3) at the transition, since the O(3) rotations
are a sub-group of O(5). To check this we study the di-
rection of the unit vector ~Ψ/|~Ψ|. Fig. 3 shows the angular
distribution of the unit vector on the unit sphere using
standard polar co-ordinates, cosθ and φ. The numerical
data provides evidence that right at the transition there
is an emergent symmetry which allows rotations among
Ne´el and VBS. We also note that slightly away from the
transition this symmetry is lost and we recover what one
would expect for the histograms in either the Ne´el or
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FIG. 3. Normalized joint histograms showing the angular distribution of the unit vector ~Ψ/|Ψ| (with ~Ψ = (aVx, aVy, bNz)),
which combines Ne´el and VBS orders for our S = 1 model. Here we show data for L = 32. (left) In the Ne´el phase the vector
points to the north and south pole. (center) Remarkably, close to the phase transition instead of seeing peaks only at the
equator and poles, the sphere is more uniformly covered with significant weight outside the Ne´el (poles) and VBS (equator)
directions. In the thermodynamic limit and right at the phase transition a uniform covering is expected. (right) In the VBS
phase there are four peaks at the equator corresponding to columnar VBS ordering.
VBS phases.
To test the emergence of O(5) symmetry in the ther-
modynamic limit more quantitatively we study the dis-
tribution of the magnitude |~Ψ|. We expect in the ther-
modynamic limit that at the phase transition point Φˆ
since it is ordered will be distributed uniformly on S4
(unit sphere surface in 5-dimensions), if normalized prop-
erly. This distribution has direct consequences on the
components of ~Ψ and its magnitude as can easily be
worked out: P (Ψα) =
3
4 (1 − Ψ2α) for |Ψα| < 1 and 0
otherwise. P (|~Ψ|) = 3|~Ψ|2 for |~Ψ| < 1 and 0 otherwise.
Fig. 4 shows how these distributions are approached as
L is increased in our numerical simulations. This is our
strongest evidence for the emergence of the O(5) symme-
try in our model at the phase transition in the thermo-
dynamic limit.
Landau Theory & Topological Term: We now argue
that the enhanced symmetry cannot appear at a generic
phase transition (by tuning one parameter) in a Landau
analysis. Thus the phase transition found in our S = 1
model simulation is beyond Landau theory.
We begin our discussion by noting that our transition
is phenomenologically similar to one in an anisotropic five
component classical spin model with energy,
E = −JN
∑
〈ij〉
~Ni · ~Nj − JV
∑
〈ij〉
~Vi · ~Vj , (3)
where ~Ni is a three component vector representing the
Ne´el order and ~Vi is a two component vector represent-
ing the VBS with ~N2 + ~V 2 = 1 and defined on a three-
dimensional cubic lattice where as usual, Z =
∑
c e
−E/T .
We assume for simplicity that the VBS order parameter
has O(2) rather than Z4 symmetry, but our arguments
can easily be extended to include the lower symmetry.
The model has O(3) × O(2) for JN 6= JV and O(5)
symmetry when JN = JV . Working at low-T , we now
consider the nature of broken symmetry phases. When
JN/JV = 1 both 〈 ~N〉 6= 0 and 〈~V 〉 6= 0 and there is
an O(5) symmetry that allows rotations between ~N and
~V . When JN/JV is increased above 1, 〈 ~N〉 6= 0 and
〈~V 〉 = 0 (the Ne´el phase in this model) and 〈~V 〉 6= 0 and
〈 ~N〉 = 0 (analogue of the VBS phase) when the ratio is
lowered below 1. Now consider the transition from Ne´el
(〈 ~N〉 6= 0) to VBS (〈~V 〉 6= 0) as the parameter JN/JV
is tuned. This transition shares all of the features with
what we have found in for the Ne´el-VBS transition in
HJQK : diverging length scales, higher symmetry at the
phase transition, finite order parameters and an absence
of hysteresis (since ~N can clearly rotate into ~V without
encountering an energy barrier when JN = JV ). There
is one crucial difference however between this classical
Landau theory and what we have found for HJQK . In
Eq. 3 the O(5) symmetry is microscopically enforced at
the transition when JN = JV , in HJQK no such micro-
scopic symmetry is present. Indeed the Ne´el and VBS
order parameters are implemented so distinctly in the
S = 1 spins, it is hard to imagine how such a symmetry
would be enforced at the microscopic level. It is then
natural to ask: could the O(5) symmetry emerge at a
generic phase transition (tuning one parameter) between
the phases where ~N and ~V individually condense in a
generic (with only O(3) × O(2) symmetry microscopi-
cally) classical model of the type Eq. 3?
We now provide a simple argument that proves this is
not possible. We consider the stable fixed point that de-
scribes the ordered phase of an O(5) vector sigma model
for Φˆ = (~V , ~N) (if we enforce the O(5) symmetry there
are of course no relevant operators). This gaussian fixed
point can be accessed by the usual Goldstone expansion
Φˆ = (
√
1− ~pi2, ~pi) and expanding to quadratic order in
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FIG. 4. Normalized histograms for individual components
Ψα and its radius |~Ψ| of the vector ~Ψ = (aVx, aVy, bNz), close
to the phase transition and comparison with predictions of
O(5) distribution with unit radius. (left) Comparison of in-
dividual components for Ne´el and VBS. (right) Showing how
P (|~Ψ|) approaches the O(5) prediction as the thermodynamic
limit is approached (see text). We have fixed the constants a
and b by choosing the convention 〈Ψ2α〉 = 1/5 to match the
O(5) prediction. We used g = 0.588 and L = 32.
~pi. We now ask how many relevant operators we can add
if we only enforce O(3) × O(2) symmetry? If there is
only one such operator one could reach the symmetric
order fixed point as a generic phase transition. However
in the simple LGW theory one can add two strongly rel-
evant anisotropy operators in 2+1 dimensions ~N2 − ~V 2
and ( ~N2 − ~V 2)2. Thus the symmetric fixed point can-
not emerge by tuning just one parameter in a classical
model, one must generically have a regular first order
transition with hysteresis between the two phases- thus
a simple Landau theory cannot explain the emergence of
O(5) symmetry like we have found in HJQK .
Given the above argument, it is interesting to ask what
goes wrong with the application of naive LGW theory
to our S = 1 model? As it turns out a microscopic
derivation of the Landau theory for the S = 1 model
requires a k = 2 Wess-Zumino-Witten (WZW) term to
be included. Here we present only a heuristic argument
for the topological term by building on the well-known
result that the Ne´el-VBS transition in S = 1/2 mag-
nets can be described by the k = 1 WZW theory in the
order parameter supervector which combining Ne´el and
VBS is a five component vector living in S4 [25, 26].
The approach is to construct the S = 1 field theory
by coupling two layers of S = 1/2 field theories [7].
The critical theory for each S = 1/2 layer close to its
own Ne´el- VBS deconfined critical point is described by
the 2+1 dimensional vector O(5) sigma model with a
WZW term at level one, SS=1/2 =
∫
d3x 1g
(
∂µΦˆ
)2
+
i2piΓ, where the topological WZW term is written
as Γ = 1vol(S4)
∫
d3xduabcdeΦˆa∂xΦˆb∂yΦˆc∂zΦˆd∂uΦˆe with
vol(S4) = 8pi2/3. Now it is clear that to combine the two
S = 1/2 layers to obtain the field theory for the S = 1
transition between Ne´el and four fold VBS, we must cou-
ple both Ne´el and VBS vectors ferromagnetically, this
guarantees that the correct states of matter are obtained
for the S = 1 system, Ne´el and four-fold columnar VBS.
The ferromagnetic coupling will force the φˆ in both the
layers to track each other perfectly coupling causing the
two k = 1 WZW terms to simply add (see supplementary
materials of [7]). We thus obtain the same critical theory
as SS=1/2 except the level of the WZW term is doubled,
SS=1 =
∫
d3x 1g
(
∂µΦˆ
)2
+ i4piΓ. In addition we have
to add anisotropies to this field theory that reduce the
symmetry down to the physical symmetry of O(3)× Z4.
It is clearly the presence of the WZW term that inval-
idates a naive application of Landau theory, and which
leads to the interesting behavior found here. Our work
can hence shed valuable light on the poorly understood
physics of sigma models with WZW terms in 2+1 dimen-
sions. Interestingly, very recent work has found a similar
phenomenology in an entirely different microscopic set-
ting: S = 1/2 systems and their transition to a two-fold
VBS [27] and certain classical loop models [28], suggest-
ing this kind of emergent symmetry enhanced “first or-
der” transition could appear in various settings. Our
findings provides strong motivation for further studies of
this new kind of phase transition and also more gener-
ally unbiased numerical studies of two-dimensional spins
systems beyond S = 1/2.
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6SUPPLEMENTAL MATERIALS
In these supplementary materials we elaborate on
our measurement definitions, provide comparisons with
exact diagonalization and present data confirming our
convergence to zero temperature. Finally we provide
data on a related J-QJ model which exhibits Ne´el order
throughout the entire phase diagram.
Algorithm: The numerical results presented in this
work have been obtained using the stochastic series ex-
pansion (SSE) method [1]. Since the method is standard
and well documented we will not review it here. We work
in the Sz = −1, 0, 1 basis for our S = 1 problem. To up-
date the SSE configurations we use both local diagonal
updates and the non-local directed loop alorithm [2] that
allows us to switch between the allowed vertices while
respecting the Sz conservation.
QMC-ED comparison: We have tested our code
by performing comparisons against exact diagonaliza-
tion. For future reference, Tables I and II provide test
comparisons between measurements obtained from a SSE
study and exact diagonalization (ED) on a lattice of size
(Lx, Ly) = (4, 4), for various combinations of the bond
and plaquette interactions J and QK for the J − QK
model under investigation in this work and for various
combinations of the bond and plaquette interactions J
and QJ for the spin−1 version of Sandvik’s J−QJ model
(see Appendix E). Due to the very large Hilbert space
for this spin-1 model on a 4x4 lattice, we project out the
ground state from a random state in the Sz = 0 subspace,
thus avoiding the need to diagonalize the sparse Hamil-
tonian matrix. We list values for the extensive ground
state energy, the Ne´el order parameter O2N as well as the
VBS order parameter O2V . Also shown are the so-called
ratios RN and RV . All observables are defined below.
Measurements: In order to simplify the QMC loop
algorithm, we have shifted our J bond operators by the
identity, J(Si · Sj − 1). The extensive energy quoted
in the tables includes this shift. In order to character-
ize the Ne´el and the VBS phases, we measure the equal
time bond-bond correlation function 〈S~r·S~r+αˆS~r′ ·S~r′+αˆ〉.
Here a bond is identified by its location on the lattice ~r
and its orientation α with α = x, y in two-dimensions. In
the VBS phase, lattice translational symmetry is broken.
This gives rise to a Bragg peak in the Fourier transform
of the bond-bond correlator defined as
C˜α(~q) =
1
N2site
∑
~r,~r′
ei(~r−~r
′)·~q〈S~r · S~r+αˆS~r′ · S~r′+αˆ〉 . (4)
For a columnar VBS patterns, peaks appear at the mo-
menta (pi, 0) and (0, pi) for x and y-oriented bonds, re-
spectively. Thus, the VBS order parameter is given by
OV BS = C˜
x(pi, 0) + C˜y(0, pi)
2
. (5)
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FIG. 5. The order parameters O2V and O2N are shown as a
function of the inverse temperature β for the J −QK model
for a system of size (Lx, Ly) = (16, 16). Again we checked
their β-dependence in the Ne´el phase (QK = 0.5), close to
the transition (QK = 0.6), and in the VBS phase (QK = 0.7).
J is always set to 1. We observe that the values of O2V and
O2N are independent of β as long as β ≥ 2.
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FIG. 6. Shown is the ratio RN of the Ne´el order parameter of
various values of the plaquette interaction coupling QJ with
J2 +Q2J = 1 for systems of size (L,L) with L up to 32 lattice
sites. RN appears to be independent from QJ and approaches
1 for increasingly large system sizes indicating a phase dia-
gram consisting entirely of Ne´el order. The inset shows the
Ne´el order parameter O2N .
Another useful quantity to locate a possible phase tran-
sitions is the above mentioned VBS ratio RV . We first
distinguish between x− and y−oriented bonds:
RxV = 1− C˜x(pi, 2pi/L)/C˜x(pi, 0)
RyV = 1− C˜y(2pi/L, pi)/C˜y(0, pi) . (6)
7Lx Ly J QK E (ED) E (MC) O2N (ED) O2N (MC) O2V (ED) O2V (MC) RN (ED) RN (MC) RV (ED) RV (MC)
4 4 0.2 0.9 -96.15381 -96.147(8) 0.13590 0.13592(2) 0.50414 0.5044(5) 0.49940 0.4993(1) 0.75713 0.7570(7)
4 4 0.5 0.2 -49.02200 -49.024(4) 0.25596 0.25594(9) 0.28370 0.2838(2) 0.78679 0.7868(1) 0.59012 0.5907(7)
4 4 0.7 0.3 -70.29052 -70.288(5) 0.24879 0.24867(8) 0.29726 0.2971(2) 0.77611 0.7760(1) 0.60493 0.6054(6)
4 4 0.8 0.4 -85.17819 -85.180(6) 0.23283 0.23291(6) 0.32728 0.3269(2) 0.75040 0.7503(1) 0.63436 0.6346(5)
4 4 0.9 0.6 -109.00470 -109.001(7) 0.20556 0.20562(3) 0.37805 0.3777(2) 0.69897 0.6989(1) 0.67619 0.6761(4)
TABLE I. The table shows the extensive energy (E), the Ne´el order parameterO2N and the VBS order parameterO2V obtained by
exact diagonalization (ED) and by Stochastic Series Expansion Monte Carlo (SSE) for the spin−1 J −QK model. Additionally
shown are the ratios RN and RV . For the SSE, errors are also shown. The MC data is computed with β = 40.
Lx Ly J QJ E (ED) E (MC) O2N (ED) O2N (MC) O2V (ED) O2V (MC) RN (ED) RN (MC) RV (ED) RV (MC)
4 4 0.2 0.9 -157.24324 -157.251(8) 0.33323 0.3330(1) 0.12077 0.121(1) 0.87616 0.87610(8) 0.29722 0.295(9)
4 4 0.5 0.2 -66.86936 -66.861(3) 0.34103 0.3409(2) 0.10760 0.1073(3) 0.88539 0.8854(1) 0.21940 0.215(3)
4 4 0.7 0.3 -96.79576 -96.790(5) 0.34071 0.3406(2) 0.10814 0.1079(3) 0.88501 0.8850(1) 0.22295 0.225(3)
4 4 0.8 0.4 -119.70732 -119.707(4) 0.34001 0.3402(1) 0.10935 0.1090(2) 0.88417 0.8843(1) 0.23071 0.226(3)
4 4 0.9 0.6 -158.52300 -158.520(6) 0.33873 0.3388(1) 0.11153 0.1113(3) 0.88264 0.88268(9) 0.24436 0.241(3)
TABLE II. The table shows the extensive energy (E), the Ne´el order parameter O2N and the VBS order parameter O2V obtained
by exact diagonalization (ED) and by Stochastic Series Expansion Monte Carlo (SSE) for the spin−1 J−QJ (Sandvik’s) model.
Also shown are the ratios RN and RV . For the MC, errors are also shown. The MC data is again computed with β = 40.
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FIG. 7. Shown is the ratio RV of the VBS order parameter of
various values of the plaquette interaction coupling QJ with
J2 +Q2J = 1 for systems of size (L,L) with L up to 32 lattice
sites. Confirming the findings from Fig. 6, we see that RV
approaches zero for sufficiently large lattice sizes independent
from the coupling QJ providing evidence for the absence of
VBS order in the J −QJ model for spin−1.
Subsequently, we average over x and y- orientations:
RV = R
x
V +RyV
2
. (7)
This quantity goes to 1 in a phase with long-range VBS
order and it approaches 0 in a phase without VBS order
present.
The Ne´el structure factor is,
m2z(~q) =
1
N2site
∑
~r,~r′
ei(~r−~r
′)·~q〈Sz~rSz~r′α〉 . (8)
The Bragg peak appears at momentum (pi, pi) and thus
the Ne´el order parameter is given by
ON = m2z(pi, pi) . (9)
To additionally provide a quantity that goes to 1 in a
Ne´el ordered phase and vanishes in a phase without, we
study the The Ne´el ratio:
RxN = 1−m2z(pi + 2pi/L, pi)/m2z(pi, pi)
RyN = 1−m2z(pi, pi + 2pi/L)/m2z(pi, pi) . (10)
We can now average over both quantities:
RN = R
x
N +RyN
2
. (11)
Ground state convergence: Here we investigate the
behavior of our observables when the SSE is carried out
at different inverse temperatures β. We perform scaling
as a function of inverse temperature β for a system of
size (Lx, Ly) = (16, 16). We checked the behavior of this
observable in the Ne´el phase (QK = 0.5), close to the
transition (QK = 0.6), and in the VBS phase (QK = 0.7).
We find that the measurements are essentially saturated
already for β ≥ 2. We observe analogous behavior for
systems of size (L,L) with L = 8, 10, 12. Therefore we
fixed the inverse temperature to β = L/4 in our SSE
simulation in the main manuscript.
8J − QJ Model for spin 1: We now briefly discuss
another designer model Hamiltonian and compare the
phase diagram for the two cases of a spin−1/2 system
and a spin−1 system.
The so-called “J −Q” model was introduced by Sand-
vik in 2007 [3]. The model consists of a Heisenberg inter-
action between nearest neighbor sites (see equation (1)
in the main manuscript) on the square lattice and an
additional plaquette term:
HQ = −Q
∑
ijkl∈
(
~Si · ~Sj − 1
4
)(
~Sk · ~Sl − 1
4
)
. (12)
The spin−1/2 case of this model H = HJ + HQ was
shown to have a phase transition from Ne´el order to VBS
order at a critical point J/Q ≈ 0.04 [3].
We now subject the same term structure to a SSE-MC
simulation in order to determine the phase diagram. We
note that for the spin−1 case the constant 14 is replaced
by 1 in order by make the plaquette term amenable to
the SSE-MC study:
HQJ = −QJ
∑
ijkl∈
(
~Si · ~Sj − 1
)(
~Sk · ~Sl − 1
)
. (13)
The J −QJ model spin−1 Hamiltonian is then HJQJ =
HJ + HQJ . We analyzed the phase diagram for various
couplings J and QJ with the condition J
2 + Q2J = 1
and found that the phase diagram consists entirely of
Ne´el order independent from the ratio of the two coupling
strengths J and QJ . Fig. 6 shows the ratio of the Ne´el
order parameter. The ratio appears to be independent
from QJ (with J fixed by J
2+Q2J = 1). Further the ratio
RN approaches 1 for increasingly large system sizes. This
is a clear indicator that the entire phase diagram consists
of Ne´el order. For completeness we also give the ratioRV
of the VBS order parameter O2V . In compliance with our
findings from Fig. 6, we see the ratio RV approaches
zero for sufficiently large lattice sizes independent from
the coupling QJ (again with J fixed by J
2 + Q2J = 1).
This provides evidence for the absence of VBS order that
was present in the spin−1/2 flavor of the model.
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